We consider a modified Brans-Dicke theory in which except the usual Brans-Dicke parameter a new dimensionful parameter appears which modifies the kinetic term of the scalar field coupled to gravity. Solving the coupled Einstein-Klein-Gordon equations we find new spherically symmetric solutions. Depending on the choices of the parameters these solutions reduce to the Schwarzschild solution of General Relativity and they give new wormhole solutions which depend on the new parameter.
I. INTRODUCTION
As it is well known, Brans-Dicke theory [1] is one of the first scalar-tensor gravity theories that modifies the General Relativity (GR). As a scalar-tensor theory it introduces a scalar field which approximately corresponds to the effective gravitational coupling strength. After the introduction of this theory, Brans found four families of static spherically symmetric solutions [2] . For a long time many authors claimed that these solutions can describe non-trivial black holes different from those of GR. However, it was proven by Hawking [3] , that all those spherically symmetric black hole solutions are the same as in GR. This result was further extended to scalar-tensor theories [4] and to compact objects in the presence of a cosmological constant [5] .
In [6] it was claimed that black hole solutions in the Brans-Dicke theory were found violating the weak energy condition (WEC). However, in [7] it was showed that their solutions describe either wormholes or naked singularities. It was further proved in [8] that the static spherically symmetric solutions of Brans-Dicke theory describe either wormholes or naked singularities. A more extensive study was performed in [9] where it was shown that, the static and spherically symmetric Brans-Dicke solutions of scalar-tensor gravity, analyzed in both the Jordan and the Einstein conformal frames, describe wormholes, naked singularities or the Schwarzschild solution. Thus, they do not describe black hole solution besides those in GR.
If an electromagnetic field is introduced then in four dimensions the local solutions reduce to the Reissner-Nordström black hole solution with a constant scalar field, as it was proven in [3] using the WEC. However, in higher dimensions the vacuum Brans-Dicke-Maxwell theory has black hole solutions [10] . This is a consequence of the presence of the electromagnetic field in the scalar field equation and in this way it can be considered as a source of a non trivial scalar field.
Recently a modification of Brans-Dicke gravity theory was proposed [11] in which the scalar field, except its coupling to the metric it is also coupled to matter [12, 13] . This coupling, except the Brans-Dicke parameter ω, is introducing another parameter in the coupling of the scalar field to gravity. This coupling is a new scale in the theory and modifies the matter content of the Brans-Dicke theory, and this scale appears in the vacuum equations of the modified Brans-Dicke theory.
The purpose of this work is to study what is the effect on the spherically symmetric solutions of the vacuum Brans-Dicke theory if the kinetic energy of the scalar field coupled to gravity is modified by this new dimensionful coupling. We solve the Einstein and scalar equations of this modified Brans-Dicke gravity theory and by varying this new coupling we find two branches of solutions which describe naked singularities and they generate new wormhole geometries whose behaviour depends on the coupling of the scalar field to matter. These solutions are in accordance with the two previously stated theorems [3, 8] . We also study the WECs of these solutions.
The work is organized as follows. In Section II we review the Brans-Dicke vacuum solutions. In Section III we discuss the modified Brans-Dicke theory and we find spherically symmetric solutions and in Section IV are our conclusions.
II. BRANS-DICKE VACUUM SOLUTIONS
In this section we will review the local solutions of the Brans-Dicke theory mainly following the work of [10] . In the D(≥ 4) dimensions, the action of the vacuum Brans-Dicke theory is given by
In this Jordan frame version of Brans-Dicke theory, test particles have constant rest mass and move along the geodesics. That is, matter fields are coupled to gravity only via the metric. Varying (2.1) yields the equations of motion,
3) we consider the following conformal transformation
the Brans-Dicke theory (2.1) can be transformed into the Einstein frame version of Brans-Dicke theory with a minimally coupled scalar field (φ)Ī
whereR and∇ are the scalar curvature and covariant differentiation in the new metricḡ µν , respectively. We note
• Relation (2.6) implies a > 0 (ω > − d+2 d+1 ), and one hasφ = 0 at spacelike infinity. • The action under the conformal transformation gets a simpler form of a minimally coupled scalar field.
• The Brans-Dicke theory (2.1) is equivalent to the theory (2.7) up to a conformal transformation. However, note that in the Einstein frame, a test particle will take variable rest mass with spacetime and is no longer going to move along the geodesics. Hence, one can argue that the two theories are equivalent from a mathematical point of view but not from a physical.
Varying the action (2.7) we can obtain the equations of motion which are connected with the equations of motion of (2.2)-(2.3) through the relation 9) in the D-dimensional vacuum Brans-Dicke theory, using (2.8), we can obtain its solution,
where γ is a constant and ds 2 is given by Eq. (2.9). It is easy to show that the solution (2.10) is asymptotically flat and the point ρ = ρ o corresponds to a naked singularity still. This can be found from calculating the scalar curvature of the solution (2.10) through the relation, 12) and show that it diverges at zero areal radius. Again we observe,
• When γ = 1, the solution (2.10) is reduced to the D-dimensional Schwarzschild solution with the constant scalar field (φ = 1). In that case, the Brans-Dicke theory degenerates into the Einstein theory of gravitation.
• The scalar φ in the Brans-Dicke theory belongs to the region φ ∈ (0, 1]. From the action (2.7) we can see that the equations of motion remain unchanged under the transformation:φ → −φ. Thus, we can obtain another solution of the vacuum Brans-Dicke theory,
where ds 2 is still given by Eq. (2.9). In this case, the scalar field φ takes values in the region [1, ∞) . But the spacetime is still asymptotically flat region and the point ρ = ρ o is a curvature singularity unless γ = 1. When γ = 1, the scalar field is a constant and the solution (2.13) is the D-dimensional Schwarzschild solution. We note that φ = 0 corresponds to infinite gravitational coupling while φ = ∞ corresponds to zero gravitational coupling, so φ should be allowed to diverge or vanish only at singularities.
The metric (2.10) is actually Brans Class 1 solution since if we substitute D = 4, then d = 1 and α = 3+2ω 2 , which is related with our λ parameter by 1 α = 1 ω+3/2 = λ (see Section III). We substitute all these in the line element, together with the form of ds 2 and we obtain
which is exactly what we find in (3.66) . The requirement that the scalar fieldφ, in the Einstein frame, is real implies α > 0 (ω > − 3 2 in D=4) hence, only Brans Class 1 can be obtained in the Jordan frame since the other three classes of Brans correspond to ω < − 3 2 . Therefore, again the black hole solution of the vacuum Brans-Dicke theory is the Schwarzschild solution with a constant scalar field.
III. MODIFIED BRANS-DICKE THEORY
We will consider a modified Brans-Dicke theory presented in [11] and described by the following equations
where T µ ν is the energy momentum tensor of matter (e.g. the standard matter-radiation in the case of cosmology). The new characteristic of these equations compared to the standard Brans-Dicke theory is the appearance of the dimensionful parameter ν which is encountered in the gravitational field equation (3.1) and at the same time it violates the exact conservation of the matter energy-momentum tensor T µ ν in (3.4) . For ν = 0 the system (3.1)-(3.4) reduces to the Brans-Dicke equations of motion (with unit velocity of light) 8) which is described by the action
where L m (g κλ , Ψ) is the matter Lagrangian depending on some extra fields Ψ. The parameter λ = 0 is related to the standard Brans-Dicke parameter ω BD = 2−3λ 2λ . Here, we will be interested in the vacuum theory with T µ ν = 0. Although the extra matter vanishes, it leaves an impact on the vacuum equation (3.1) through the parameter ν, and this is the novel difference compared to the vacuum Brans-Dicke equation (3.5) . This vacuum theory arises from the action [12] 
where η = sgn(φ). It is clear in the above action that the kinetic term of the scalar field is modified compared to the original Brans-Dicke theory and it results to a modified energy momentum tensor for the scalar field. In this work we will consider the modified Brans-Dicke theory given by the action (3.10) and study spherically symmetric solutions of this theory. It is useful for the following analysis of spherically symmetric solutions to transform the action (3.10) to its canonical form. Following the discussion in the previous Section, consider the conformal transformationg
where
together with a field redefinition from the field φ(x) to the new field σ(x) defined by
The action (3.10) takes the form
where ǫ = sgn(ν + 8πφ 2 ), ǫ λ = sgn(λ). The Lagrangian (3.14) refers to the Einstein frame where the gravitational coupling is a true constant and the field σ behaves as a usual scalar field. In order for σ not to be a ghost, and so to behave as a normal field with positive energy, it should be ǫǫ λ > 0. This is achieved even if the kinetic term in (3.10) is positive. Therefore, we assume throughout that ǫǫ λ = 1.
For ǫ > 0, the integration of equation (3.13) gives
where an additive integration constant σ 0 has been absorbed into σ. Inversely,
where s = sgn(4πφ+ √ 2π ν + 8πφ 2 ) = sgn e |λ| 2 σ +2πνe − |λ| 2 σ . The conformal factor Ω in terms of the new field σ takes the form
For the physically more interesting case with φ > 0, the absolute value in (3.17) disappears. For ǫ < 0, the integration of equation (3.13) gives
where again an additive integration constant σ 0 has been absorbed into σ and it is − π
The conformal factor Ω in terms of the new field σ takes the form
After the solution of the fieldsg µν , σ governed by the action (3.14) has been derived, the solution for the initial fields g µν , φ is found through the equations (3.11), (3.16), (3.19 ) as functions of σ. The action (3.14) defines Einstein gravity minimally coupled to a scalar field whose equations of motion arẽ
The solution of this system of a minimally coupled scalar field to gravity, assuming spherical symmetry, has been found in [14] . In the Einstein frame, we consider a static spherically symmetric line element in isotropic coordinates
where f, h are functions of the radial coordinate ρ (we keep the symbol r for the radius in the standard coordinates). Due to the symmetry it is also σ(ρ). The solution of the system (3.21), (3.22 ) is the following [14] 
where ρ o > 0, γ are integration constants. The reason why we restrict ρ o in this range of values will become clear in the next sections, where the limit to the Schwarzschild solution will be considered. Let us express the quantity Ω as a function of ρ through equation (3.24) . For ǫ > 0 it is
(3.28)
Note that in the limit ρ → ρ o , it is Ω → ∞ for ǫ > 0, while Ω remains finite for ǫ < 0.
Going back to the original frame we have in the isotropic coordinates
The metric in the standard coordinates is obtained setting
and then
Let us now take a closer look at the behaviour of this metric for both branches.
A. Spherically symmetric solutions in the Jordan frame
We consider the line element in the Jordan frame As previously stated, we require ǫ < 0 and ǫ λ < 0 to avoid ghost solutions of the field σ. That is
Substituting (3.24) into (3.19 ) and using the preceding inequalities we can find that when ν < 0 and ρ > ρ o
, the relation ǫ < 0 is always satisfied. Basically, this is the range of ρ such that − π 2 < |λ| 2 σ < π 2 . Therefore, in the general case, we will only consider such values of ρ in the following analysis. Moreover, the condition ǫ λ < 0 is the equivalent to ω < −3/2.
Scalar field
The Brans-Dicke scalar field is given by the relation
Note that φ becomes constant when γ = ±1, and the theory reduces to GR. Moreover, the scalar field vanishes in the limits ρ → ∞ or λ → 0 (i.e. ω → ∞), which means the effective gravitational constant diverges.
Metric Components
The metric components in isotropic coordinates are given by
The appearance of the secant function prevents g tt and g ρρ from vanishing, however it causes divergences at the points that satisfy the equation
. It is rather easy to check the asymptotic behavior of our metric. A straightforward calculation gives
The fact that ν is a parameter of a theory and not a dynamic variable, means that we can absorb the above factors in the line element by redefining dt and dρ. Thus, in this case the line element (3.32) with Ω given by (3.28), describes an asymptotically flat spacetime. Moreover, note that when ν = 0 the line element diverges and the solution does not produce the corresponding solutions of Brans-Dicke. This is not surprising since setting ν = 0 automatically corresponds to ǫ = sgn(8πφ 2 ) > 0 and that is why only the branch ǫ > 0 has a correct limit to Brans-Dicke.
Let us now consider two particular cases: If γ = 1 then
e K −1 is physically meanigful. Note that g tt ρ→ρo −−−→ 0 while it remains negative for ρ = ρ o . The Brans-Dicke scalar becomes constant for γ = 1 and as can be seen from the forms of g tt and g ρρ , the solution reduces to the standard Schwarzschild metric in isotropic coordinates, with mass M = 2ρ o . In the case γ = −1 one can find that
and g ρρ = 8π |ν|
The scalar field is again constant thus the solution corresponds to Schwarzschild spacetime with a negative mass M = −2ρ o .
Areal Radius & Ricci Scalar
Now we wish to analyze the behavior of the areal radius since it can give us extra information about the geometry but also, help us to deduce which ranges of the spatial coordinate ρ are physically meaningful. Basically, what we call areal radius is just the radial coordinate of the spherical (Schwarschild) coordinates and that is why we are going to denote it by r. On the other hand, the study of scalar quantities helps us to detect real spacetime singularities since they do not depend on our choice of coordinates. They are invariants and thus, if we manage to find a point where a scalar curvature diverges we know that it will correspond to a true spacetime singularity.
The areal radius is read off the line element (3.29)
and in this case it is
39)
while its derivative is given by
Furthermore, the Ricci scalar is given by 
45)
which means that for these two particular cases, the areal radius decreases for 0 < ρ < ρ o , has an absolute minimum at ρ = ρ o (whose value is r = 8π |ν| 1/4
4ρ o > 0 if γ = 1, and r = 0 if γ = −1), and increases for ρ > ρ o . Thus, for γ = −1 the range 0 < ρ < ρ o is unphysical. Moreover, notice that r → +∞ in the limits ρ → 0 and ρ → ∞, for both cases γ = ±1. Therefore the region near ρ → 0 corresponds to a second asymptotically flat region of spacetime.
For these two particular values of γ we know that the scalar field becomes trivial and the solution describes a Schwarzschild spacetime.
If γ = ±1 the areal radius approaches infinity if ρ → ∞ or ρ → ρ o
and has a point of minimun value which satisfies the equation
e K −1 is unphysical. By taking a closer look at (3.39) it is evident that r(ρ) is always positive in the range ρ > ρ o e K +1 e K −1 . Such a behaviour indicates a wormhole structure. To justify this last statement let us represent (3.32) in the Morris-Thorne form [15] ds 2 = −e −2Φ(r) dt 2 + dr 2 1 − b(r)/r + r 2 (dθ 2 + sin 2 θdφ 2 ) . Following [15, 16] , certain conditions have to be imposed in order for a line element to be considered as a wormhole spacetime, namely:
1. b(r) r ≤ 1 for every [r th , +∞), where r th is the radius of the throat. This condition ensures that the proper radial distance defined by l(r) = ± r r th dr 1− b(r) r is finite everywhere in spacetime. Note that in the coordinates (t, l, θ, φ) the line element (3.47) can be written as ds 2 = −e 2Φ(l) dt 2 + dl 2 + r 2 (l)(dθ 2 + sin 2 θdφ) .
In this case the throat radius would be given by r th = min{r(l)}.
b(r th )
r th = 1 at the throat. This relation comes from requiring the throat to be a stationary point of r(l). Equivalently, one may arrive at this equation by demanding the embedded surface of the wormhole to be vertical at the throat.
r which reduces to b ′ (r th ) < 1 at the throat. This is known as the flare-out condition since it guarantees r th to be a minimum and not any other stationary point.
Confronting the two metrics we directly see that the radial coordinate is given by the already known relation (3.30). The redshift and shape functions are respectively given by
(3.49) or in terms of the coordinates
(3.51)
All the afforementioned conditions are verified in the range [r th , +∞). The throat condition b(r th ) r th = 1 has the same roots with (3.46) i.e. it is satisfied when r reaches its minimum value. It should be noted that the minimun allowed ρ−coordinate, imposed by the throat condition, is always greater than ρ o e K +1 e K −1 ; a point at which the redshift function diverges. Substituting these roots back in r, one can determine the area of this spatially finite "bridge" which is given by A(ρ) = 4πr(ρ) 2 [16] . Moreover, since from (3.39) we observe that r ∝ |ν| −1/4 then, we conclude for the size of the bridge that
The Ricci scalar is finite at the throat and diverges only near ρ = ρ o e K +1 e K −1 which corresponds to r → ∞ hence, the solution indeed describes a wormhole between two asymptotically flat spacetimes. Also, notice that even though it is not evident from the form of (3.51), the parameter ν determines the behaviour of b(r) as it is hidden inside ρ(r), the inverse of (3.39). This behaviour is depicted in Fig. 1 .
In [15] the authors proved that every wormhole, by definition, must violate the Null Energy Condition (NEC) if one assumes that a perfect fluid generates the wormhole spacetime. This is guaranteed by the flaring-out condition b ′ (r) < b(r) r . By going in a proper reference frame, i.e. a frame of a static observer with respect to (r, θ, φ) coordinates, one can express the energy density ̺ and radial pressure p r with respect to the isotropic radius by using the known relations [15] 
Their explicit forms are given in the appendix A and as Fig. 2 indicates, for general values of the parameters (i.e. for γ = ±1 , λ = 0 and ν = 0) the energy density becomes negative close to the throat thus, the WEC is also violated. 
C. Branch ǫ > 0
We now require ǫ > 0 and ǫ λ > 0 to avoid ghost solutions of the field σ. That is
Following the same procedure as before, we substitute (3.24) into (3.16) and solve the first inequality i.e. ν > −8πφ 2 . This leads to
,
where we have denoted α(λ, γ) ≡ 2 |λ| (1 − γ 2 ) for brevity. It can be seen that 0 ≤ α(λ, γ) ≤ √ 2λ. Numerically it is found that the last relation holds for every ρ > ρ o and puts no further bounds on the values of ν. Furthermore, the condition ǫ λ > 0 corresponds to ω > −3/2.
Scalar field
In this case the Brans-Dicke scalar field takes the form
, (3.56) s = sgn(4πφ + 2π(ν + 8πφ 2 )) (3.57)
for which we observe that:
• The limit λ → 0 (i.e. ω → ∞) corresponds to φ → constant.
• Additionally, for γ = ±1 the scalar field also becomes trivial.
• When γ = ±1 and ν = 0 then φ diverges in the limit ρ → ρ o thus, the effective gravitational constant vanishes.
• In the limit ν → 0 the scalar field yields
Metric Components
The metric components are given by
and we calculate
Again, the asymptotic behavior of g tt , g ρρ depends only on the parameter ν which means spacetime becomes Minkowski in the large distance limit. We note:
In the limit λ → 0 (ω → ∞) the metric takes the form On the other hand when γ = −1 one directly sees that
which corresponds again to the Schwarzschild solution with negative mass M = −2ρ o . Therefore ρ o can be considered as the mass parameter of the solution. Consequently, we will consider only positive values of ρ o since, even in the case γ = −1 we can recover a positive mass by taking −ρ o to be the mass parameter instead of just ρ o . As we consider the limit to Brans-Dicke ν → 0 the metric reads Thus, just as (B, C) (or (B, λ I ) ) are the two independent parameters of Brans Class I solution, in our case they are (ρ o , γ). The Schwarzschild solution is obtained by setting C = 0, which forces λ I ± 1. These values correspond to γ = ±1 in our solution which indeed yields the Schwarzschild solution as we saw earlier.
Areal Radius & Ricci Scalar
By substituting the corresponding Ω, the areal radius and its derivative take the form
while the Ricci scalar is given by
.
(3.74)
One can observe the following: In general, the factor (ρ − ρ o ) α(λ,γ)−2(γ−1) compels r(ρ) to vanish at the point ρ = ρ o since, α(λ, γ) − 2(γ − 1) > 0 for every γ 2 < 1. The Ricci scalar is singular at ρ = ρ o and since g tt does not vanish anywhere at ρ > ρ o we conclude that this point corresponds to a naked singularity at the center of the spherical symmetry ρ = ρ o (or r = 0). Note that the function r(ρ) is almost always increasing in the range ρ > ρ o therefore ρ → ∞ corresponds to the asymptotic region r → ∞.
However, as we saw earlier, our solution contains Brans Class I as a special case, a family of solutions which is known to describe wormholes for some range of its parameters. With this in mind, it would be no surprise if our solution can describe wormhole spacetimes besides the naked singularities. A wormhole spacetime should contain two asymptotic regions and a throat that connects them. Hence, the areal radius should diverge at a second point except the one at ρ → ∞ and additionally should have a minimum value which is greater than zero. The only possible case for which (3.72) produces a second asymptotic region is if we demand the denominator to vanish i.e. (ρ − ρ o ) 2α(λ,γ) + 2πν(ρ + ρ o ) 2α(λ,γ) = 0. Solving this equation we can find the point ρ at which the second asymptotic region occurs. It is given by (3.75) and in order to be greater than ρ o the following relation must hold
which is satisfied irrespective of the values of λ and γ provided that ν lies in the range
Again, to determine the redshift and shape functions we make use of (3.48), (3.49) . Their explicit forms are given in the appendix A. In the following diagrams ( Fig. 3, 4) we present the behaviour of the metric, areal radius, Ricci scalar and energy density ̺ with respect to the isotropic radius. In Fig. 5 and 6 we compare the energy density of our model with the one obtained from Brans Class 1 solution for two different values of the parameter ν. Both solutions violate the WEC near the wormhole throats. (3.77 ). Areal radius diverges at two different points (one at ρ → ∞ and one at the point given by (3.75) ) corresponding to two different asymptotic regions. Between these two regions there is a point of minimum r(ρ) where the throat is located. 4ρ o > 0. In the limit ν → 0 the areal radius yields
If the γ parameter lies within this range then the point ρ = ρ o corresponds to r → ∞. It's derivative is given by By the use of (3.71) we can express these roots in terms of the parameters of Brans Class I and the result is given by
which is in agreement with the previously obtained result in [9] . The behaviour of the metric, areal radius and Ricci scalar, for values of ν that do not satisfy (3.77), is depicted in the graph Fig. (7) . To summarise for the branch ǫ > 0, if γ = ±1 the spherically symmetric solutions reduce to the Schwarzschild solution with a constant scalar field, while if γ = 1 then we have a naked singularity when the parameter ν does not satisfy the bound (3.77), and a wormhole solution otherwise.
IV. CONCLUSIONS
The Brans classes I-IV of solutions of Brans-Dicke theory according to Hawkings theorem [3] always describe either wormholes or else horizonless geometries containing naked singularities, and they never describe black holes. Spacetimes having naked singularities are unphysical in the sense that the initial value problem fails, leaving the theory void of predictability and wormholes as the only remaining Brans solutions. The Brans solutions are vacuum solutions and the Brans-Dicke scalar acts as the only form of effective matter. However, the Brans-Dicke scalar can violate all of the energy conditions, therefore it is no surprise that one can obtain wormholes as solutions of vacuum Brans-Dicke theory.
Wormholes are exotic objects which require the energy conditions to be violated. This can be understood because a wormhole requires light rays which enter at one mouth and emerge from the other to have cross-sectional areas initially decreasing and then increasing. This conversion can be produced by gravitational repulsion which acts on the light rays passing near the throat and this can happen provided that in this region resides a negative energy density, as it is effectively guaranteed by the Brans-Dicke scalar field φ in the case of γ > 1. Note that in GR the properties required for the functions Φ(r) and b(r) cause such constraints on the matter stress tensor as to make necessary the occupance of exotic matter, especially in the wormhole throat, where the absence of a horizon is required. In the Brans-Dicke theory the role of exotic matter is instead played, if γ > 1 (or ω < −2), by the scalar field φ.
The aim of this work was to study spherically symmetric solutions and in particular wormhole solutions in a modified Brans-Dicke theory. The Brans-Dicke theory is modified by introducing a dimensionful parameter ν [11, 12] in the kinetic coupling of the scalar field to gravity. This coupling gives an extra contribution to the matter content of the Brans-Dicke theory. Solving the coupled Einstein-Klein-Gordon equations we found new spherically symmetric solutions which depend on the new parameter ν. Demanding the absence of unphysical propagating modes, like ghosts, we find two branches of solutions.
The spherically symmetric solutions of the first branch for any choice of parameters and independently of the value of the new parameter ν reduce to the Schwarzschild black hole or to a naked singularity with a constant scalar field and also give new wormhole solutions. The second branch of solutions, except the Schwarzschild solution for negative values of the parameter ν, gives wormholes whose throat size is inversely proportional to the coupling parameter ν, and a non-trivial scalar field. Also we checked the WEC for both branches and we found that they are violated in both cases.
